Introduction
Many modern materials and industrial fluids such as particulate slurries (China clay, coal in water, sewage sludge, etc.), multi-phase mixtures (oil-water emulsions, gas-liquid dispersions, froths and foams, butter), pharmaceutical formulations, cosmetics and toiletries, paints, synthetic lubricants, biological fluids (blood, synovial fluid, salvia) and foodstuffs ( jams, jellies, soups, marmalades) in their flow characteristics can be sorted into the non-Newtonian fluids. For a non-Newtonian fluid, the viscous stress is a non-linear function of the rate of deformation and the relationship for the power-law fluids given by:
nÀ1 @u @y where τ xy is the shear stress, μ is the consistency index and n is the power-law index. The fluid is described for no1 as pseudo-plastic, nW1 as dilatant and n ¼ 1 as the Newtonian fluid. Schowalter (1960) was the first to formulate the boundary layer flow of a non-Newtonian fluid and established the conditions for the existence of a similarity solution. A similarity solution to the boundary layer equations for a power-law fluid flowing along a flat plate at 0 degree of angle was obtained by Acrivos et al. (1960) . The power-law model is widely used to study the pseudo-plastic and dilatant nature of non-Newtonian fluids. Acrivos (1960) was the first to study free convection boundary layer flow of a nonNewtonian power-law fluid along a vertical flat plate for large modified Prandtl numbers. The flow of a power-law fluid over a continuous moving flat plate with constant surface velocity and temperature has been considered by Fox et al. (1969) . Exact solutions of the equations of motion of non-Newtonian power-law fluids are difficult. The difficulty arises not only due to the non-linearity but also due to the order of the governing differential equations.
The study of flow and heat transfer over a stretching surface issuing from a slit has gained a considerable attention of many researchers due to its importance in many industrial applications. For example, in extrusion of a polymer sheet from a die, the sheet is sometimes stretched. During this process, the properties of the final product depend on the rate of cooling and the stretching rate by drawing such a sheet into a cooling system. Since the pioneering work of Sakiadis (1961) who investigated the boundary layer flow of a viscous fluid past a moving solid surface, various aspects of the problem have been explored by many authors in the past decades. Crane (1970) studied the boundary layer flow of an incompressible viscous fluid toward a linear stretching sheet. Cortell (2007) studied viscous flow and heat transfer over a nonlinearly stretching sheet. Andersson and Kumaran (2006) studied the boundary layer flow of a non-Newtonian power-law fluid over a non-linear stretching sheet. Chamkha and Al-Humoud (2007) studied mixed convection heat and transfer of non-Newtonian fluids from a permeable surface embedded in a porous Medium. Kishan and Shashidhar Reddy (2013) and Kishan and Kavitha (2014) studied MHD flow and heat transfer of a non-Newtonian power-law fluid over a stretching surface with viscous dissipation. Mahmoud (2010) investigated the effects of chemical reaction and variable viscosity on the boundary layer flow and heat transfer of a non-Newtonian viscoelastic fluid over a stretching surface immersed in a porous medium.
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Boundary layer flow and heat transfer Keimanesh et al. (2011) studied non-Newtonian fluid flow between two parallel plates using the multi-step differential transform method. Rashidi et al. (2012) studied non-Newtonian fluid flow and heat transfer over a non-isothermal wedge.
All of the above mentioned investigations are confined only to non-Newtonian fluid over a stretching sheet. However, to the best of the authors' knowledge, the non-Newtonian nanofluid which obeys the power-law model over a non-linear stretching sheet have not been considered. Recent advances in nanotechnology have led to the development of a new innovative class of heat transfer fluids, called nanofluids created by dispersing nanoparticles (10-50 nm) in traditional heat transfer fluids (Choi, 2009) . Since, the nanotechnology has been widely used in industrial cooling applications, nuclear reactors, transportation industry (automobiles, trucks and airplanes), micro-electromechanical systems, electronics and instrumentation and biomedical applications (nano-drug delivery, cancer therapeutics and cryopreservation), thus the behavior of non-Newtonian nanofluids could be useful in evaluating the possibility of heat transfer enhancement in various processes in these industries. Therefore, many studies have focussed on nanofluids nowadays. For instance, Khanafer et al. (2003) examined heat transfer performance of nanofluids inside an enclosure taking into account the solid particle dispersion. Bachok et al. (2010) examined the boundary layer of nanofluids over a moving surface when the plate is assumed to move in the same or opposite directions to the free stream. The boundary layer flow induced in a nanofluid due to a linearly stretching sheet that was investigated by Makinde and Aziz (2011) . Kuznetsov and Nield (2010) examined the natural convection flow of nanofluid over a vertical plate. Some relevant work on nanofluids can be seen from the list of references (Choi et al., 2001; Khan and Pop, 2010; Lotfi et al., 2010) . Nield (2011) studied the onset of convection in a layer of a porous medium which is filled with non-Newtonian nanofluids of power-law type. Ellahi et al. (2012) have elaborated that non-Newtonian nanofluids have potential roles in physiological transport as biological solutions and also in polymer melts, paints, etc. Chamkha (2011, 2013) investigated natural convective boundary layer flow over a vertical plate embedded in a porous medium saturated with a non-Newtonian nanofluid. Recently, Chamkha et al. (2014) studied non-similar solutions for mixed convection boundary layer flow along a wedge embedded in a porous medium saturated by a non-Newtonian nanofluid. Kuznetsov and Nield (2014) in their paper employed boundary conditions on the nanoparticle fraction more realistic physically. They assumed that one can control the volume of the nanoparticle fraction at the wall, but rather that the nanoparticles flux at the wall is 0. In the present paper, we have considered the boundary condition of the nanoparticle fraction at the wall given by Kuznetsov and Nield (2014) .
To the best of the authors' knowledge, no investigations has been reported regarding the study of non-Newtonian nanofluids obeying the power-law fluid model over a nonlinear stretching sheet. The principal aim of this paper is to study the boundary layer flow and heat transfer of a power-law non-Newtonian nanofluid over a non-linearly stretching sheet. The governing equations are solved numerically by using the variational finite element method.
Mathematical formulation
Consider, steady laminar two-dimensional boundary layer flow due to a stretching sheet in a quiescent viscous incompressible nanofluid obeying power-law model (see Metzner, 1965; Hang and Shi-Jun, 2009 ). The flow is generated as a consequence of non-linear stretching of the boundary sheet, caused by simultaneous application of two equal and opposite forces along x-axis, while keeping the origin fixed in the fluid of the 2200 HFF 26,7 ambient temperature T ∞ . The positive x-coordinate is measured along the direction of the motion, with the slot at the origin. The positive y-coordinate is measured normal to the surface of the sheet and is positive from the sheet to the fluid. The continuous stretching sheet is assumed to have a non-linear velocity and prescribed temperature of the form U(x) ¼ bx m and T w (x) ¼ T ∞ +Ax r , respectively, where b is the stretching constant, x is the distance from the slot; A is a constant whose value depends upon the properties of the fluid. Here, m and r are the velocity and temperature exponents, respectively. Under these assumptions, the basic equations governing the flow and heat, mass transfer in usual notation are:
The relevant boundary conditions of the problem are:
where u and v, are the velocity components along x and y axes, respectively. T is the temperature of the fluid, C is the nanoparticle volume fraction, σ is the electric conductivity, ρ is the fluid density, α m is the thermal diffusivity, D B is the Brownian diffusion coefficient and D T is the thermophoretic diffusion coefficient. The first term in the right hand side of the Equation (2), is the shear rate (∂u/∂y) has been assumed to be negative throughout the boundary layer since the stream wise velocity component u decreases monotonically with the distance y from the moving surface (for continuous stretching surface). A rigorous derivation and subsequent analysis of the boundary layer equations, for power-law fluids, were recently provided by Denier and Dabrowski (2004) . They focussed on boundary layer flow driven by free stream U(x) ≈ x m i.e., of Falkner-Skan type. Such boundary layer flows are driven by a stream wise pressure gradient Àdp=dx ¼ r du=dx À Á set up by the external free stream outside the viscous boundary layer. In the present context no driving pressure gradient is present. Instead the flow is driven solely by the stretching surface, which moves with a prescribed velocity U(x). The boundary condition for nanoparticle volume fraction is taken as given by Kuznetsov and Nield (2014) .
In terms of the standard definition of the stream function such that u ¼ @ψ=@y and v ¼ À@ψ=@x and introducing the following transformation variables:
where the local Reynolds number is defined by Re x ¼ U 2Àn x n =n.
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Substituting the dimensionless parameters of Equation (7) into Equations (2)-(4) gives:
The boundary conditions are transformed as:
The non-dimensional parameters appearing in Equations (11)- (13) are as follows:
The physical quantities of interest are the skin-friction coefficient C fx , the Nusselt number Nu x and Sherwood number Sh x , which are defined as:
where τ w ¼ (K|(∂u)/(∂y)| n−1 ((∂u)/(∂y))) y ¼ 0 Using the non-dimensional variables (7), we obtain:
3. Method of solution 3.1 Finite element method The finite element method is a powerful technique for solving ordinary or partial differential equations. The steps involved in the finite element analysis are as follows:
• discretization of the domain into elements;
• derivation of element equations;
• assembly of element equations;
• imposition of boundary conditions; and
• solution of assembled equations.
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To solve the system of simultaneous nonlinear differential Equations (8)- (10), with the boundary conditions (12), first assume:
then the system of Equations (11)- (13) reduced to:
and the corresponding boundary conditions are reduced as:
hð1Þ-0; yð1Þ-0; fð1Þ-0;
For computational purposes, here η at ∞ is takes numerically as η max and chosen large enough, so that the solution shows no further change for η larger than η max . The boundary condition for η max (i.e. η→∞) is fixed as η max ¼ 6, without any loss of generality. The entire flow domain is divided into 1,000 linear line elements of equal size. The linear Lagrange polynomial is used for the typical element.
Variational formulation
The variational form of the Equations (14)- (17) over a typical element (η e , η e+1 ) is given by:
where w 1 , w 2 , w 3 and w 4 are weight functions corresponding to functions f, g, θ and ϕ, respectively. 
Here the shape functions ψ i for a typical element (η e , η e+1 ) are taken as follow. Linear element:
The finite element model of the equations are expressed by: ] (m ¼ 1, 2) are defined as:
And:
where:
Each element matrix is of the order 8×8. The whole domain is divided into 1,000 linear elements of equal size, the element size is taken as Δη ¼ 0.006. At each node four functions are to be evaluated; hence after assembly of all the elemental equations, we obtain a matrix of the order 4,004×4,004. The obtained system is non-linear, therefore an iterative scheme is utilized in the solution. After imposing the boundary conditions the remaining system contains 3,997 equations, which is solved by the Gauss elimination method while maintaining an accuracy of 10 −5 . The iterative process is terminated when the following condition is satisfied:
where Φ stands for either f, h, θ or ϕ and j denotes the iterative step.
Result and discussion
The system of non-linear coupled ordinary differential Equations (14)- (17) with boundary conditions (19) are solved numerically by using the variational finite element method. In the present study, the computations have been carried out for various flow parameters such as power-law index n, temperature exponent parameter r, velocity exponent parameter m, Prandtl number Pr, thermophoresis Nt, Brownian motion Nb and Lewis number Le. To assess the accuracy of the present computed results for the skin-friction coefficient f′′(0) values are shown in Table I . It is observed that from the table comparison of f′′(0) values reveals that there is an excellent agreement of our obtained results with those of published work of Hang and Shi-Jun (2009), Andersson and Kumaran (2006) and Chen (2008) . The grid-independence test is also performed to sustain the five decimal-point accuracy. With the help of this test, we have improved the results using successively smaller step sizes for the calculations. Initially, a coarse mesh of 125 elements having a step size Δη ¼ 0.048 has been chosen. Then, increasing the elements four times, we have a medium mesh of 500 elements having a step size of Δη ¼ 0.012. Finally, we have a fine mesh of 1,000 elements having a step size of Δη ¼ 0.006 and get the five decimalpoint accuracy in velocity, temperature and nanoparticle volume fraction values.
The Nusselt number and Sherwood number are important physical quantities of engineering interest. The numerical results for the Nusselt number −θ′(0) and Sherwood number −ϕ′(0) values are shown in Table II The effect of the power-law index n on the dimensionless velocity f′, dimensionless temperature θ and the nanoparticle volume fraction ϕ are shown in Figure 1(a)-(c) , respectively. It is found that the velocity with in the boundary layer increases as n increases, a large velocity predicted for the dilatant fluids (n W 1) and smaller velocity for pseudo-plastic fluids (n o 1) as when compared to a Newtonian fluid (n ¼ 1). It is seen from Figure 1 (b) and (c) that the temperature and concentration profiles decreases with the increase of n.
For different values of stretching parameter m, Figure 2 (a)-(c) shows the dimensionless velocity, temperature and concentration profiles, respectively. From all these figures it can be seen that the effect of an increasing stretching parameter m is to decreases velocity, temperature and concentration profiles. From the acquired results in Figure 2 (a), it is noticed that the effect of increasing the value of the velocity exponent parameter m is to reduce the momentum boundary layer thickness. Physically, m o 0 implies that the surface is decelerated from the slot, m ¼ 0 implies the continuous momentum of a flat surface and m W 0 implies that the surface is accelerated from the extended slit.
In order to understand the effect of thermophoresis parameter Nt, the graphs are plotted for temperature in Figure 3 Figure 4 . From this figure it is evident that increasing the values of Nb is to decrease the concentration profile. Figure 5 illustrates temperature profiles for different values of temperature exponent parameter r for pseudo-plastic, Newtonian and dilatant fluids, respectively. The effect of increasing values of r is to decrease temperature profiles. From the figure it reveals that the effect of r is higher in pseudo-plastic (n o 1) when compared with the other fluids.
As shown in Figure 6 the non-dimensional temperature profiles decreases as Prandtl number increases for the pseudo-plastic, Newtonian and dilatant fluids. That is an increase in Pr means decrease in thermal conductivity and hence there will be a decrease of thermal boundary thickness. The nanoparticles volume fraction profiles is decreased due to the increasing of Lewis number Le can be observed from Figure 7 . From the definition of Lewis number, a higher value of Lewis number cause Figures 8 and 9 . It is evident from Figure 8 that the value of the Nusselt number decreases with the increase of thermopheresis parameter Nt for both Newtonian and non-Newtonian fluids. It can also be seen that the Nusselt number decreases with the increase in the power-law fluid index n. The variation of the Sherwood number decreases as the thermophoresis parameter Nt increases. As the power-law fluid index n increases, the Sherwood number increases. It is clear from Figure 9 that the Nusselt number decreases with the increase in the power-law fluid index n. It is also noticed that there is no Brownian motion effect on the Nusselt number. It is evident from the figure that the effect of Brownian motion Nb is to increase the Sherwood number.
Conclusions
The problem of boundary layer flow and heat mass transfer of non-Newtonian powerlaw nanofluid over a non-linear stretching sheet is studied. The governing equations describing the problem are transformed into a nonlinear ordinary differential equations by suitable similarity transformations. The coupled nonlinear ordinary differential equations solved by using variational finite element method. It is found that with the increase of power-law index n is to increase the velocity profiles, and decreases the temperature and concentration profiles. The effect of velocity exponent parameter m is reduces the velocity profiles f ". The temperature profiles are increases with the effect of thermophoresis parameter Nt and temperature exponent parameter r. It can be seen that the effect Brownian motion Nb, Prandtl number Pr and Lewis number Le reduces the nanoparticles volume fraction profiles on the other hand the effect of thermophoresis Nt increases nanoparticles volume fraction profiles. The Nusselt number coefficient −θ′(0) increases by increasing the Prandtl number Pr, stretching sheet parameter m and decreases by increasing the power-law index n, thermophoresis parameter Nt and Lewis number Le. Increases in the stretching sheet parameter m, Prandtl number Pr and thermophoresis parameter Nt decrease the Sherwood number coefficient −ϕ′ (0) 
